Quantum phase transitions and the role of impurity-substrate hybridization in Yu-Shiba-Rusinov states by Huang, Haonan et al.
ARTICLE
Quantum phase transitions and the role
of impurity-substrate hybridization in
Yu-Shiba-Rusinov states
Haonan Huang 1, Robert Drost1, Jacob Senkpiel1, Ciprian Padurariu 2, Björn Kubala 2,5,
Alfredo Levy Yeyati 3, Juan Carlos Cuevas 3, Joachim Ankerhold2, Klaus Kern1,4 & Christian R. Ast 1✉
Spin-dependent scattering from magnetic impurities inside a superconductor gives rise to Yu-
Shiba-Rusinov (YSR) states within the superconducting gap. They can be modeled by the
largely equivalent Kondo or Anderson impurity models. The role of the magnetic and non-
magnetic properties of the impurity in relation to the coupling to the substrate is still under
debate. Here, we use a scanning tunneling microscope to make a quantitative connection
between the energy of a YSR state and the impurity-substrate hybridization. We corroborate
the impurity substrate coupling as a key energy scale for surface derived YSR states using the
Anderson impurity model. By combining experimental data from YSR state spectra and
additional conductance measurements, we can determine on which side of the quantum
phase transition the system resides. We thus provide a crucial step towards a more quan-
titative understanding of the crucial role of impurity substrate coupling utilizing the
Anderson model.
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The impurity problem is one of the most extensively studiedphenomena in condensed matter physics because it notonly caters to fundamental interest in the local perturba-
tion of a host material, but also has technological relevance in the
design of specific properties through doping. The impact of
impurities on the host material is broad ranging from having no
effect for weak non-magnetic impurities in an s-wave super-
conductor (Anderson theorem)1,2 to creating complex many-
body interactions between a magnetic impurity in a normal
conducting host (Kondo effect)3. Somewhere in between, we find
the so-called Yu-Shiba-Rusinov (YSR) states4–6, which arise from
magnetic impurities in a superconducting host. YSR states have
been quite successfully modeled as a combination of spin-
dependent and spin-independent scattering potentials within the
Kondo impurity model (see Fig. 1a)7–9. As such, this YSR model
provides a simple and straightforward framework that has gone
quite far in explaining numerous observations.
It is obvious that surface adsorbed impurities have more spatial
degrees of freedom to relax when hybridizing with the host than
bulk impurities. Impurity-substrate hybridization, however, is
only implicitly contained in the Kondo impurity model10, which
we also consider here at the mean field level. A more-detailed
description is offered by the largely equivalent, albeit more gen-
eral, Anderson impurity model (see Fig. 1b–e). It explicitly
introduces an impurity-substrate hybridization parameter Γs,
which plays a key role for the adsorption of impurities at surfaces.
The Anderson impurity model also has the added benefit that
it encompasses the Kondo effect as well as Andreev bound
states, into which YSR states are embedded in a more general
context11–14. In fact, this model provides a benchmark for the
analysis of Josephson and Andreev transport through quantum
dots (for a review, see ref. 15). Also, as tunneling is often
understood as going through the impurity (i.e., the YSR state), the
impurity-substrate coupling will influence the conductance as
well, which can be modeled much better within the Anderson
impurity model16. In order to ascertain these relations, a quan-
titative connection between the impurity-substrate hybridization
and the behavior of the YSR state is needed.
Here, we demonstrate this relationship by a quantitative
comparison of experimental data obtained from different mea-
surements, which we connect through the Anderson impurity
model: The binding energy of the YSR state for surface adsorbed
impurities does not just depend on the intrinsic magnetic and
non-magnetic properties of the impurity, but also largely depends
on the coupling between the impurity and the substrate. We use
ultralow temperature scanning tunneling microscopy (STM) at
10 mK to probe YSR states in intrinsic surface impurities on a
superconducting V(100) substrate with a superconducting vana-
dium tip. Approaching the tip to an impurity with a YSR state
induces an interaction between the tip and the impurity (e.g.,
attractive force17,18), which manifests itself as a change in the
binding energy of the YSR state. A similar behavior in agreement
with this picture has been observed in a number of systems19–23.
However, although this behavior has been qualitatively attributed
to a decrease21 as well as an increase22 in impurity-substrate
coupling, so far a clear quantitative connection to specific
microscopic energy scales has experimentally not been confirmed.
Using the Anderson impurity model in the mean field approx-
imation, we are able to quantify the relation between the change
in the YSR state binding energy and the impurity-substrate
coupling. We independently confirm the change in the impurity-
substrate coupling through the distance dependence of the nor-
mal state conductance.
Further, we use this connection between impurity-substrate
coupling and normal state conductance to determine, whether the
YSR state is in the weak or strong scattering regime. For weak
impurity-substrate coupling, the spin-dependent scattering
potential will be weak and the impurity spin will be unscreened.
Fig. 1 Anderson impurity model. a In the Kondo impurity model, the YSR state arises owing to scattering from a spin-dependent impurity potential. b In the
Anderson impurity model, the Yu-Shiba-Rusinov (YSR) state arises owing to hopping to and from an impurity state. c Energy diagram of the Anderson
impurity model. The coupled impurity features an occupied state below the Fermi level at −EJ+ EU and an unoccupied state above the Fermi level at EJ+
EU, where EJ is the level splitting and EU is the level offset. Γs is the coupling strength. d Spectral functions of the two Anderson impurity states in the
normal conducting state. There is significant overlap between these two states. e The resulting YSR states in the superconducting regime. Note the
difference in energy scale between d and e. The spectra were calculated with a broadening parameter of γ= 10 μeV.
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As the impurity-substrate coupling increases, the system under-
goes a quantum phase transition to a screened impurity spin in a
strong scattering potential7–9. We demonstrate how to apply this
model to determine on which side of the quantum phase tran-
sition the system is, which is a priori impossible to judge from the
tunneling spectrum alone due to the symmetry of the YSR state
energies in the spectral function.
Results
Distance dependence of YSR states. We use V(100) as sample
and vanadium as tip, both of which are well superconducting at
our experimental temperature. The gap parameter of vanadium in
the sample as well as in the tip is Δs= Δt= 760 μeV unless
otherwise noted (for experimental details, see “Methods” and
Supplementary Note 1). Some intrinsic impurities on the surface
generate YSR states. Some of the YSR states change their energy
as a function of tip-sample distance. One example is shown in
Fig. 2a–e. In Fig. 2a, a series of differential conductance spectra is
shown as a function of tip-sample distance (z-position). A single
pair of YSR states can be identified inside the gap (marked by
YSR arrows), which changes its energy position as a function of z-
position. The observation of coherence peaks (marked by
Bardeen-Cooper-Schrieffer (BCS) arrows) at Δt+ Δs is an indi-
cation that there is a second transport channel not featuring a
YSR state inside the gap, which will be discussed in more detail
below. The energies at which the YSR states are observed have
been extracted and plotted as a function of tip-sample distance in
Fig. 2b.
The YSR state at positive (negative) bias voltage has been
plotted in red (blue). As we will show below, the YSR states are in
the strong spin-dependent scattering limit beyond the quantum
phase transition7. In that regime, that branch of YSR states with
positive values in the weak scattering limit (ϵ+ > 0, called positive
branch in the following) has moved to negative energies, ϵ+ < 0,
as shown in Fig. 2b. A priori, however, it is not possible to say on
which side of the quantum phase transition the YSR state is in
each case. A more-detailed analysis of the YSR state properties as
function of tip-sample distance is necessary. For this, we have
acquired different spectra along the z axis (tip-sample distance)
and over a distance of ~470 pm, which corresponds to a change in
tunneling current of about four orders of magnitude. Yet, we have
stayed mostly in the tunneling regime (see below). Only in the last
part, we find total transmissions τ > 0.1, where higher order
processes are observed and the opening of additional transport
channels becomes more likely.
Distance dependence of the conductance. In the following, we
will express the normal state conductance GN in terms of the
transmission τ=GN/G0 (GN: normal state conductance; G0=
2e2/h: quantum of conductance; e: elementary charge; h: Planck
constant), which simply references GN to the quantum of con-
ductance. We extract the normal state conductance sufficiently
away from the gap where the properties of the normal state are
recovered. In this regime, the conductance is largely independent
of bias voltage. The evolution of the transmission τexp corre-
sponding to the data set in Fig. 2a is shown in Fig. 3a as a
function of tip-sample distance (z-position). Its behavior is
dominated by the exponential increase in the tunnel coupling
between tip and impurity. However, we will show below that
there are deviations from the exponential behavior, which are
related to the changes in the impurity-substrate coupling (see
Fig. 3b). A justification, why these changes are related to the
impurity-substrate coupling is given in the Supplementary
Note 2. The transport current through the impurity does not only
depend on the tunnel coupling between the tip and the impurity,
but also on the coupling between the impurity and the sub-
strate16. These deviations nicely explain the changes in the YSR
state energies. The Anderson model in the mean field approx-
imation is ideally suited to provide a unified description of these
observations. As the impurity-substrate coupling is an explicit
Fig. 2 Spectra and energy evolution of a YSR state during tip approach. a Series of normalized differential conductance spectra through an impurity with
YSR states measured with a superconducting tip as function of tip-sample distance (z-position). The YSR states move, whereas the coherence peaks at
Bardeen-Cooper-Schrieffer (BCS) gap edge do not. At closer distances (bottom), higher order phenomena (Josephson effect at zero voltage and multiple
Andreev processes near the YSR states) are visible. b Extracted YSR state energies as function of tip-sample distance. c Scaled coupling parameter ~Γs
calculated from b. The values for ~Γ
alt
s have been calculated by exchanging ε+ ↔ ε− (for details see text). d Fit of a differential conductance spectrum at low
conductance, where higher order processes are suppressed. We fit two channels, one of which probes the YSR state and the other probes an empty gap.
e Density of states of the YSR state and the empty BCS gap as used in the fit in d.
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parameter, we can establish a direct relation between the YSR
state energy and the changes in the transmission τ (i.e., the
normal state conductance GN). This is not easy to do within the
Kondo impurity model.
Anderson impurity model. The Anderson impurity model has
been successfully applied to a number of impurity problems
involving magnetic as well as non-magnetic impurities24. It allows
correlation effects to be taken into account to different degrees of
complexity12,25. For the case that we consider here, where the
Kondo temperature is typically smaller than the superconducting
gap, a mean field approximation becomes appropriate, as shown
in refs. 26,27.
A schematic energy diagram is shown in Fig. 1c. The system is
described by the superconducting substrate (left) and the
impurity having one occupied level at −EJ+ EU and one
unoccupied energy level at EJ+ EU (right), which are coupled to
the substrate by the impurity-substrate coupling parameter Γs.
The energy EJ describes an effective Zeeman splitting and EU is an
energy shift accounting for particle-hole asymmetry (EU= 0
implies particle-hole symmetry). Here, we restrict ourselves to
using the energies EJ and EU as fit parameters, keeping in mind
that a self-consistent treatment of the spin density of states may
provide more insight on the origin of the magnetic properties as
well as spin fluctuations in the impurity on the substrate.
The Green’s function of the impurity in the mean field
Anderson impurity model can be straightforwardly written in 2 ×
2 Nambu space as
GIðωÞ ¼ ωσ0 þ EJσ0  EUσ3  Γsσ3gscðωÞσ3
 1
; ð1Þ
where σi are the Pauli matrices. We assume that the coupling
between tip and impurity is much smaller than the coupling
between impurity and sample, i.e., τ≪ 1, such that we can ignore
it in this calculation. Further, gsc(ω) is the dimensionless Green’s
function of the superconducting substrate (normalized to the
density of states) with
gscðωÞ ¼
ðωþ iγÞσ0  Δsσ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2s  ðωþ iγÞ2
q ; ð2Þ
where Δs is the order parameter of the substrate and γ is a
phenomenological broadening parameter (cf. Dynes et al.28). For
more details, refer to Supplementary Note 3.
The spectral function A(ω)=−ImTr’G(ω) of Eq. (1) features
two impurity states at −EJ+ EU and EJ+ EU each having a width
2Γs (cf. Fig. 1d for the normal conducting state) along with a
superconducting gap having an order parameter Δs and possibly
extremely sharp pairs of subgap states depending on the relation
between the parameters EJ, EU, Γs, and Δs (cf. Fig. 1e for typical
YSR states inside the superconducting gap). Here, Tr’ denotes the
trace with a change in sign for the energy axis in the hole part of
the Green’s function.
For the purpose of analyzing the above data, we reduce the
generality of Eq. (1) by assuming strong impurity-substrate
coupling, i.e., Γs≫ Δs. This assumption generally holds for
surface adsorbed impurities and reflects the conditions, in which
the YSR states within the Kondo impurity model are described.
The resulting Green’s function is
GðωÞ ¼









without broadening parameter, which can be included by ω→
ω+ iγ. The energies ε± of the YSR states are located, where G(ω)
becomes singular:
ε± ¼ ±Δs
E2J  Γ2s  E2Uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ2s þ ðEJ  EUÞ2
 
Γ2s þ ðEJ þ EUÞ2
 q ; ð4Þ
which has a very similar structure as the result from the Kondo
impurity model. The similarity becomes even more obvious when
Fig. 3 Evolution of normal state conductance with z-position. a Experimental normal state transmission τexp=GN/G0 as function of tip-sample distance.
The exponential dependence is clearly visible. b Zoom-in, where the tip is close to the sample. The measured transmission τexp (blue) is compared to a
transmission assuming an impurity-substrate coupling that is constant (τ0, yellow) and one that changes like ~Γs as calculated from the corresponding YSR
energies. c The tip probes two channels to the impurity, one of which is leading through the YSR state and the other through an empty BCS gap. Both
channels couple to the substrate through the same impurity-substrate channel(s) Γs. d Reduced transmission τexp=~Γt with the data labeled as in b.
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The parameter J is the spin-dependent scattering potential in the
Kondo impurity model with J ¼ 12 n0js in the classical limit, where
n0 is the density of states in the substrate, j is the exchange coupling,
and s is the impurity spin7–9. The parameters describing the YSR
states in the Anderson impurity model and the Kondo impurity
model are related through the Schrieffer–Wolff-like transformation




For the following data analysis, we assume that the parameters
that are more related to the intrinsic properties of the impurity EJ
and EU are constant as function of tip-sample distance, whereas
the impurity-substrate coupling Γs can vary. This is a sensible
assumption of some generality, which has been used before in a
somewhat different context for YSR states in molecules adsorbed
on a superconducting surface23,29. However, we have to keep in
mind that in a self-consistent treatment EJ becomes a function of
Γs, which may lead to small corrections. We also assume particle-
hole symmetry (i.e., EU= 0), which is justified because we can
show that EU is small compared with Γs (see Supplementary
Note 3). In the case of strongly asymmetric YSR states (for
example in Fig. 2), a non-zero EU term may result in further









The symmetry of the YSR state energies makes it a priori
impossible to decide, on which side of the quantum phase
transition the system is, i.e., if Γs < EJ or Γs > EJ. Therefore, aside
from the coupling Γs, we calculate an alternative coupling Γalts by
exchanging the values ε+↔ ε−, which changes effectively from
one side to the other side of the quantum phase transition.
Using Eq. (7), we calculate the distance-dependent coupling Γs
and Γalts . The results are shown in Fig. 2c in units of EJ, for which
we define the scaled coupling ~Γs ¼ Γs=EJ and ~Γalts ¼ Γalts =EJ. We
can see directly, that for the ~Γs branch the coupling reduces as the
tip-sample distance reduces. Such a behavior can be expected, if
attractive forces from the tip pull the impurity away from the
substrate in the tunneling regime18,21. However, concomitant
circumstances, e.g., changes in the local density of states, may just
as well result in an increase in coupling, yielding the behavior
described by the ~Γ
alt
s data
22,30. We will directly address this point
below by implementing a model to link the extracted impurity-
substrate coupling to the measured normal state conductance
(i.e., transmission).
In the following, we will show that analyzing the evolution of
both the impurity-substrate coupling Γs and the transmission τ as
function of tip-sample distance z, we are able to determine, on
which side of the quantum phase transition the system is.
Distance dependence of the impurity-substrate coupling. The
transmission τ of the junction not only depends on the tunneling
between tip and impurity but also on the coupling between
impurity and substrate. The latter may change when the distance
z between tip and impurity is tuned owing to attractive or
repulsive forces between tip and impurity. In addition, an
understanding of the distance dependence GN(z) requires an
analysis of possible transport channels involved, which we discuss
in the following.
As can be seen in Fig. 1e, YSR states alone give rise to two
distinct peaks in the density of states completely quenching the
coherence peaks. This is in contrast to our experimental
observations depicted in Fig. 2d, where two additional peaks
appear at ±(Δt+ Δs) as coherence peaks in the spectrum. We
conclude that we have to assume two transport channels, which
we assume to be independent. Microscopically, we envision these
two channels as coming from two different orbitals, one of which
features a YSR state owing to the interaction with the substrate
and the other does not (cf. Fig. 3c).
Accordingly, we calculate the total transmission τ as the sum of
the two contributions (assuming that EU= 0)
τ ¼ τYSR þ τBCS ¼ p
4ΓsΓt
ðΓs þ ΓtÞ2 þ E2J
þ ð1 pÞ 4ΓsΓtðΓs þ ΓtÞ2
; ð8Þ
where p is the relative signal contributions and Γt= Γt0exp[−(z−
z0)/z1] is the exponentially varying tunnel coupling between the
tip and the impurity (for details and why we use the same decay
constant z1 for both channels see Supplementary Note 4). The
parameters Γt0 and z1 are the only fit parameters to model the
transmission, whereas z0 just represents the arbitrary position of
the origin of the z axis. The two fit parameters can be determined
in the regime, where the tip is far away from the sample, such that
the influence on the impurity-substrate coupling is smallest. We
further assume that the two different channels use the same
impurity-substrate channel(s), which is illustrated in Fig. 3c. Note
the explicit dependence of the GYSR on EJ, which is absent in
GBCS, indicating the quite different nature of these two transport
channels.
The red line in Fig. 2d shows a fit to the spectrum involving a
transport channel through the YSR state along with a channel
through an empty BCS gap (for details of the fitting, see
Supplementary Note 5). The individual densities of states for the
YSR state (red) and the BCS gap (blue) are shown in Fig. 2e. In
the following, we will assume that these two orbitals have the
same decay constant into the vacuum in order to keep the model
simple. The fit (red line in Fig. 2d) reveals that 22% of the signal
(referenced to the normal state conductance GN, i.e., the total
transmission τ, at high bias voltage) is contributed from the YSR
state channel and 78% of the signal comes from the empty BCS
gap channel. We are now in a position to compare the
experimental data for GN(z) with predictions obtained from the
above model (Eqs. (7) and (8)).
The measured transmission τexp is shown in Fig. 3a over about
four orders of magnitude. Changes in the exponential behavior
are difficult to detect in this graph. A zoom-in to the closer tip-
sample distance is shown in Fig. 3b, where changes in the
exponential behavior are most pronounced. Assuming no change
in the impurity-substrate coupling, i.e., Γs= const, we calculate
the transmission τ0 from Eq. (8), which is shown as a yellow line
in Fig. 3b. For the decay constant z1, we fit a value of 51.6 pm. The
experimental transmission τexp clearly increases more than for a
constant impurity-substrate coupling. From Eq. (8), we conclude
that this can only be explained by a decreasing impurity-substrate
coupling, as GN is roughly inversely proportional to Γs. Using the
values for Γs (cf. Fig. 2c) in Eq. (8), we plot the resulting
transmission τs as a red line in Fig. 3b. We find much better
agreement with the experimental data τexp than for the constant
impurity-substrate coupling.
Still, the exponential increase of the transmission owing to
the tunnel coupling masks the agreement. We, therefore,
divide all transmission curves by the normalized tunnel coupling
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~Γt ¼ Γt=EJ in order to accentuate changes in the exponential
dependence. The resulting curves are shown in Fig. 3d. The
deviations from the constant impurity-substrate coupling τ0
become more obvious now. The experimental data τexp show a
steady increase as the tip-sample distance decreases significantly
deviating from the constant coupling model. The transmission τs
based on the Γs data values extracted from the YSR energies
clearly follows the experimental data. We find generally very good
agreement, from which we conclude that assigning the negative
YSR energy branch in Fig. 3b to ϵ+ is consistent with a decrease
of the impurity-substrate coupling as the tip-sample distance
decreases and that the system is in the strong scattering regime.
Moving across the quantum phase transition. As another
example, we have chosen an intrinsic impurity, for which the YSR
state moves across the quantum phase transition, i.e., the energies
cross the zero energy line, when decreasing the tip-sample dis-
tance. A differential conductance spectrum with a high point
density along the voltage axis (blue) is shown in Fig. 4a. The YSR
states (inner peaks) can be very well seen along with the BCS
peaks (outer peaks). The fit (red) again consists of two channels,
where 39% of the signal is contributed from the YSR state channel
and 61% of the signal comes from the empty BCS gap channel.
The extracted YSR state energies are plotted in Fig. 4b, where
the crossing of the energy branches at zero energy is clearly
visible. Again, it is a priori not possible to decide from which side
the system moves across the quantum phase transition. There-
fore, we calculate both possibilities for the scaled coupling
parameters ~Γs and ~Γ
alt
s , which are plotted in Fig. 4c, where one
branch increases, whereas the other branch decreases as function
of tip-sample distance.
The excellent agreement between the experiment and the
calculation is again accentuated by plotting the transmission
curves divided by the normalized exponential tunnel coupling ~Γt,
which is shown in Fig. 4d. Comparing τexp to the transmission τ0
with constant impurity-substrate coupling Γs= const, we find
poor agreement. The transmission τs based on the Γs values
follows the experimental data very well indicating that the YSR
state moves across the quantum phase transition from the strong
scattering regime to the weak scattering regime, as we move closer
with the tip to the sample. For the tunnel coupling ~Γt, we find a
decay constant z1= 49.15 pm. The full transmission dependence
can be found in Supplementary Note 6.
Increasing impurity-substrate coupling. As a third example, we
found that some of the intrinsic impurities show an increasing
impurity-substrate coupling as the tip-sample distance decreases.
The image showing the differential conductance spectra as
function of applied bias voltage and tip-sample distance (z-
position) is plotted in Fig. 5a. Again the inner peaks are the YSR
state and the outer peaks are the BCS coherence peaks. The YSR
peaks move towards zero energy as the tip approaches the
impurity, whereas the BCS coherence peaks do not move. The
extracted YSR state energies are shown in Fig. 5b with both
energy branches shown. Using Eq. (7), we calculate the scaled
hopping for both situations ~Γs and ~Γ
alt
s (Fig. 5c, d shows the
transmission curves divided by the normalized exponential tunnel
coupling ~Γt. Comparing τexp with the transmission τ0 with con-
stant impurity-substrate coupling Γs= const, we find again poor
agreement. We note that the experimental transmission τexp
evolves below the calculated transmission τ0 (yellow line). This
indicates that the impurity-substrate coupling actually increases
when approaching the tip to the sample. The transmission τs
based on Γs follows the experimental data very well. Here, ~Γs
actually increases with decreasing tip-sample distance. For the
tunnel coupling ~Γt, we find a decay constant z1= 52.3 pm. The
trend clearly indicates that the impurity-substrate coupling
increases as we approach with the tip to the sample. This means
Fig. 4 Crossing the quantum phase transition during tip approach. a Differential conductance spectrum of a YSR state (blue). The fit (red) considers two
channels, one through the YSR state and one through an empty BCS gap. b YSR state energy positions as function of tip-sample distance extracted from a
data set with high point density along the distance direction. The two branches cross zero energy indicating that they move across the quantum phase
transition. c Scaled impurity-substrate coupling calculated from the YSR state energies in b. d The reduced transmission τexp=~Γt emphasizes the deviation
of the experimental data τexp compared with the model with constant coupling τ0. We find good agreement with the branch τs, where the impurity-
substrate coupling decreases during the tip approach.
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that the YSR state is in the weak scattering regime. The full
transmission dependence can be found in Supplementary Note 6.
Discussion
Measuring the normal state conductance (i.e., the transmission)
along with the YSR state energy as a function of tip-sample dis-
tance allows us to extract very valuable information, such as an
increase or decrease in the impurity-substrate interaction,
experimentally without resorting to ab initio calculations. The
details of the interaction mechanism with the tip and the corre-
sponding change in the impurity-substrate interaction need not
be known for an assessment of the coupling regime. We were
able to identify on which side of the quantum phase transition
the system is for all three examples. In addition, this method
can easily be extended to other scenarios presented in the lit-
erature19–23.
The three examples present different (non-exhaustive) sce-
narios that can be found when YSR states move in energy as the
tip is approaching the impurity. The results are summarized in
Fig. 6, where the energies of the YSR states are plotted as function
of the scaled coupling Γs/EJ. With the analysis presented above,
we can now indicate the coupling range for each example as a
black bar labeled by the figure number, where the data set is
discussed. Note that the evolution of the YSR state energies and
their crossing at the transition point (Γs= EJ) nicely illustrates the
ambiguity in determining the scattering regime, if the analysis
were solely based on the energy position of the YSR state.
Applying a magnetic field is the only other possibility so far to
find the scattering regime for YSR states11.
The excellent agreement between the measured and calculated
normal state transmission τ clearly identifies the impurity-
substrate coupling Γs as the dominant energy scale responsible for
changing the energy of surface derived YSR states as function of
tip-sample distance. This is further corroborated by the con-
duction channel analysis, showing that the dominant part of the
current goes through the empty gap channel, which is unaffected
by the magnetic properties of the YSR channel. The intrinsic
magnetic properties of the adsorbate remain unchanged at the
surface to lowest approximation. This also validates the delicate
interplay between the intrinsic magnetic properties of the
adsorbate and its interaction with the superconducting host as the
responsible mechanism for placing the YSR states inside the gap
Fig. 5 Increasing impurity-substrate coupling during tip approach. a Series of differential conductance spectra (normalized) through an impurity with YSR
state measured with a superconducting tip as function of tip-sample distance (z-position). The YSR states move (inner peaks), while the coherence peaks
(BCS) do not (outer peaks). At closer distances, higher order phenomena (Josephson effect at zero voltage and multiple Andreev processes near the YSR
states) are visible. b YSR state energy positions as function of tip-sample distance extracted from the data set in a. c Scaled impurity-substrate coupling
calculated from the energies in b. d The reduced transmission τexp=~Γt emphasizes the deviation of the experimental data τexp compared with the model
with constant coupling τ0. We find good agreement with the branch τs, where the impurity-substrate coupling increases during the tip approach.
Fig. 6 Energies of the YSR state as function of scaled coupling. For small
coupling Γs < EJ (Γs is impurity-substrate coupling and EJ is the level
splitting) scattering is weak and the YSR peaks move towards zero for
increasing coupling. At zero energy, where Γs= EJ, the system undergoes a
quantum phase transition into the strong scattering regime. In the strong
coupling regime, where Γs > EJ, the YSR energies move away from zero as
the coupling increases. The range of coupling values in the different data
sets are indicated as black wedges with the thinner end indicating a smaller
tip-sample distance.
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and even driving them through the quantum phase transition,
depending on their adsorption site29,31–34 as well as the tip-
sample distance19–23.
We find very similar decay constants z1 for the tunnel coupling
for all three examples between 49.15 pm and 52.3 pm lying within
a few percent, which shows that the different examples feature
very similar impurities. Interestingly, we have made no explicit
assumption about the distance dependence of the impurity-
substrate coupling. The impurity-substrate coupling is calculated
from the YSR energies and matches well with the conductance
(transmission) change as function of tip-sample distance. This
provides a pathway for learning more about the impurity-
substrate coupling and the bond strength in particular as function
of bond length (i.e., impurity-substrate distance). Force–distance
measurements in a combination of STM with atomic force
microscopy (AFM) could provide further insight on the tip-
sample interaction as well as the impurity-substrate coupling18.
The Anderson impurity model naturally takes into account the
impurity-substrate hybridization through an explicit parameter,
which is only implicitly contained in the Kondo impurity model.
This is important as the surface provides much less-constrained
boundary conditions for adsorption and relaxation than the much
higher coordination requirements in the three-dimensional bulk.
Furthermore, the Anderson model enables a more-detailed
description of the tunneling process through the impurity,
which is largely assumed in the tunneling through YSR states. It
provides a direct connection between the impurity-substrate
coupling and the normal state conductance, which allows for a
direct comparison with experimental data and thus adds deeper
understanding of YSR states at surfaces. Although largely
equivalent, we, therefore, promote the Anderson impurity model
as the preferred model for surface adsorbed impurities.
Putting the mean field approximation of the Anderson
impurity model into the context of other existing models for YSR
states, in the strong impurity-substrate coupling limit it connects
well with the Kondo impurity model4–9,35 and in the weak
impurity-substrate coupling limit it connects to the more general
Andreev bound states36. Further, it allows us to including cor-
relations (Kondo effect) by going beyond the mean field
approximation12–15,23–25,29, and it extends to a regime, where the
impurity-substrate coupling plays a decisive role, i.e., for impu-
rities at surfaces.
Conclusion
We have presented direct experimental evidence that the
impurity-substrate coupling for adsorbates at surfaces presents an
important energy scale largely responsible for the detailed beha-
vior of surface derived YSR states. The behavior of the impurity-
substrate coupling (decrease or increase) can be extracted
experimentally through the normal state conductance (i.e.,
transmission) without knowing the details of the actual
mechanism and the tip-impurity interaction. It can be used to
diagnose, on which side of the quantum phase transition the
system is (see Supplementary Note 7). Using the mean field
approximation of the Anderson impurity model, we were able to
make a direct connection between the accompanying change in
the YSR state energy and the change in the impurity-substrate
coupling for which it provides an explicit parameter. This con-
nection was evidenced through the explicit calculation of the
normal state conductance (i.e., transmission), which is nicely
implemented with the Anderson impurity model because it
provides a description of tunneling through the impurity directly.
Our results provide an intriguing point of view on the surface
induced YSR states and their interactions with the underlying
substrate with many possibilities for a deeper understanding
provided by the complementary, but more-detailed mean field
approximation of the Anderson impurity model. The Anderson
impurity model provides the basis for moving away from the
classical spin model in YSR states and establishing a better link
between the experimental observations and the theoretical mod-
els, in particular for surface induced YSR states as well as in the
presence of the various manifestations of the Kondo effect.
Methods
We prepare single crystal V(100) surfaces through cycles of sputtering and
annealing (700 ∘C). Owing to the intrinsic presence of oxygen in the bulk (99.8%
purity) and aggregation to the surface during annealing, the surface features a (5 ×
1) reconstructed oxygen layer. The most abundant impurities visible in STM
topography image are most likely oxygen vacancies, whereas carbon is also
expected to have a non-negligible concentration that, however, is not directly
visible. Some of the oxygen vacancies in a certain chemical environment, feature
single and well defined intrinsic YSR states. Owing to the complexity of the surface
and various possibilities of the internal structure of the impurity, the YSR states
show wide-spread energy distribution and different response to tip approach37,38
(for details, see Supplementary Note 1). The experiments have been performed in
ultra high vacuum and at a base temperature of 10 mK. For all spectra measured,
the tip was stabilized at 4 mV bias voltage at different setpoint current to achieve
various conductance, and the dI/dV signal was recorded using standard a lock-in
technique with amplitude 20 μV.
Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.
Code availability
The code that supports the findings of this study are available from the corresponding
author upon reasonable request.
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